The derivation of a control-design model (CDM) of the 6-DOF rigid body dynamics of a hypersonic vehicle is presented in this pa- 
I. Introduction
In the past decade, there has been a renewed and sustained effort devoted to modeling the dynamics of air-breathing hypersonic vehicles, both for simulation as well as for control design purposes. A simplified model of the longitudinal dynamics was developed using 2-D Newtonian flow theory in Ref. 1 . Early attempts to quantify the influence of the flexible dynamics on the performance of guidance and control loops addressed the development of uncertainty models tailored to applications of linear robust control methods. [2] [3] [4] It was recognized that the flexible dynamics themselves are affected by a significant model uncertainty stemming from the dependence on the aerodynamic loading, thermal effects, and mass distribution. A review of the state-of-the-art in hypersonic aero-thermo-elasticity modeling which offers some perspective on control-oriented modeling is given in Ref. 5 . A linear parameter varying model was derived in 18, which formed the basis for the robust output-feedback and adaptive state-feedback control designs reported in Sigthorsson et al. 19 and Fiorentini et al. 20 This control design model (CDM) was later extended by Sigthorsson and Serrani, 21 where the unsteady aerodynamics and viscous effects were taken into consideration. In the same paper, an explicit linear parameter-varying model (LPV) was derived for robust LPV control. 22 In both Refs. 18 and 21, least-square methods where employed to obtain suitable curve-fitted approximations of propulsive and aerodynamic forces and moments to be employed for control analysis and design. Recent research efforts funded by NASA and AFRL are pursuing the development of a comprehensive aero-thermo-elastic-propulsion model of a six-degree-of-freedom dynamics of a generic hypersonic vehicle. As a result of this endeavor, higher-fidelity control simulation models of scramjet propulsion, [23] [24] [25] aero-thermo-elasticity [26] [27] [28] [29] [30] and airframe/control surfaces integration 28, 31, 32 for hypersonic vehicles have recently become available in the literature. In particular, in this paper we focus on the 6-DOF simulation model of Frendreis et al., 28, 29 and develop a control-design version to support a variety of design methodologies (including classical, adaptive and nonlinear control) and allow stability, controllability and robustness analysis. In addition, a surrogate model of the MASIV engine code [23] [24] [25] has been developed and integrated in the rigid-body model, wheras the incorporation of flexible and thermal effects is the subject of further studies. The control-design model we are pursuing should support Figure 1 . Structure of the Control-Design Model. Blocks in white denotes available modules at the time of submission; solid blocks in grey refer to modules under development; dashed blocks in grey will be considered at a later stage of the research.
the development of control design techniques of increasing complexity, starting from classic approaches based on a single point-trim linearization to include families of trim linearization (gain-scheduling controllers), linearized model along reference trajectories (linear parameter-varying models and controllers), adaptive and nonlinear controllers. To achieve this objective, it is necessary that the CDM depart from the traditional approach where the aerodynamic and the propulsive forces are given in look-up table format. This is because an analytic, closed-form expression relating state, input and output variables and model parameters is essential for analyzing the properties of the model in a given region of the operating condition. The availability of an analytical model is also a requirement for designing model-based adaptive and nonlinear controllers and to analyze their stability and robustness properties.
The structure of the CDM, shown in Figure 1 , is comprised of four main components. In the figure, blocks in white denotes available modules, whereas blocks in grey refer to modules currently under development or which will be considered at a later stage. Kriging-based and regression-based models of the aerodynamic forces have been developed and implemented. These are low-order, lower-fidelity model for which the main trade-off is simplicity vs. accuracy: Models must be simple enough to allow model-based control design, but at the same time must capture the relevant characteristics of the dynamics. A reduced-order surrogate model of the MASIV steady-state engine model has been developed to allow fast simulation response during the control design phase. A transient model of the scramjet engine (including the characterization of engine unstart) is currently being developed under a separate DAGSI-AFRL effort, and will be integrated in the CDM whenever available.
II. Control Design Modeling
The generic geometry of the vehicle considered in this work (adopted from Frendreis et al. 28, 29 ) is shown in Figures 2 and 3 . The numerical values of the relevant geometric parameters are listed in Table 1 . The control surfaces (canard, elevator and rudder) are assumed to be flat trapezoidal plates, with the left and right rudders inclined by an angle τ r with respect to the normal vector on the upper body plane. The 6-DOF equations of motion of the vehicle in a body-fixed frame are given bẏ 
where R ∈ SO(3) is a rotation matrix, ω ∈ R 3 the angular velocity in body coordinates, ω × is the skew-symmetric matrix of cross product of vector ω, p ∈ R 3 is the vector of position of the center of gravity in inertial coordinates, v ∈ R 3 is the velocity in body frame. The vehicle mass, inertia matrix and location of the center of gravity are denoted respectively by m, J ∈ R 3×3 and r g ∈ R 3 . The vector x = (M, h, α, β) collects relevant functions of the state variables (R, p, v, ω) given by Mach number, altitude, angle-of-attack and sideslip angle. Finally, F ∈ R 3 and M ∈ R 3 denote respectively the vectors of external forces and moments, which are comprised of the gravitational, the propulsive and the aerodynamic forces and moments exerted by the fuselage and the control surfaces. Finally, the vector of control inputs, u = (δ e , δ c , δ r , Φ), is comprised of the (left/right) deflection of elevon, canard and rudder and fuel-to-air ratio of the engine. Figure 4 shows how the forces produced by the aerodynamic control surface, F δ , and the engine, F prop , combine to form the resultant control forces and control moments (F aero,δ , M aero,δ ) and (F prop , M prop ), respectively. The aerodynamic forces and moments due to the fuselage, (F aero,body , M aero,body ) are also shown. The blocks T 1 (x), T 2 (x), T δ,F (x) and T δ,M (x) are nonlinear state-dependent transformations that relate each single force to the resultant force/moment along the vehicle body axis. The block in green represents the vehicle rigid-body dynamics. The development of the CDM follows the procedure outlined in Ref. 18 , and comprises the following steps:
i. The higher-fidelity model (in this case, the simulation model (CSM) of Ref. 29 ) is approximated to a desired accuracy by replacing the complex expressions of the aerodynamic and generalized forces and moments with curve-fitted functions (CF) obtained on the basis of data generated by the CSM. The functions used in the approximations are based on well known analytic expressions of specific aerodynamics and generalized elastic forces. The use of interpolated look-up tables is purposefully avoided, as it would defy the purpose of obtaining an analytical model that is useful for theoretical development of the controller. Functional approximations of single forces and moments will be obtained as meaningful functions of the state-dependent parameter vector, x, and the control input vector, u.
ii. The structural properties of the curve-fitted model (controllability, relative degree) are analyzed using the tools of nonlinear geometric control theory. Appropriate simplifications that facilitate control design are made to the model, for instance by removing weak coupling between subsystems, by identifying slower portions of the dynamics, and by distinguishing between nominal and perturbed versions of the model. It is during this phase that the inherent connection between modeling and control is exploited to determine implicitly the most appropriate control strategy by selecting the structure of the control-oriented model and the representation of the model uncertainty. Obviously, the suitability of this kind of choices must be carefully validated on the basis of simulations conducted on the CSM.
One of the most challenging tasks deriving the CF model is the time and effort spent for data collection. As an example, for the previous longitudinal model gridding 7 variables with resolution 10 along each axis required 14 hours of data generation, assuming it took 5 msec to run the CSM. 19 Considering the number of additional variables which affect the 6-DOF model, such as sideslip angle and rudder deflection, the data generation process would increase exponentially. Keeping in mind that any future change in the CSM requires the whole process of data generation to be repeated, having an alternative, less expensive method to obtain the 6-DOF CFM is essential.
In this paper, a hybrid method, which includes a combination of least-squares (LS) and Kriging, has been applied and evaluated for fitting the forces of the 6-DOF model. Combining Kriging and LS has the advantage that the most appropriate method (in terms of complexity vs. accuracy) is used for fitting each force, which results in an overall reduction of time and effort in data generation than using pure LS is obtained. The price to pay is an increase in complexity of the control oriented model. However, the complexity of the models of the aerodynamic control surfacesof crucial importance for any control algorithm that is based on exact or approximate inversion -remains manageable, as the models share a common structure that is relatively easy to analyze. As mentioned, the net force acting on the aircraft consists of aerodynamic forces on the fuselage, thrust, and the aerodynamic forces exerted by the control surfaces (Eq. 1). In particular, the vector of aerodynamic forces generated by the control surfaces can be written as follows
where F (δ, x) ∈ R 6 is a vector of normal forces acting on each control surfaces
3×6 is a matrix that depends on the geometry of the vehicle and the deflection of the control surfaces
T is the vector of individual surface deflections, where the subscripts CR, CL, ER, EL, RR and RL are abbreviated form of right canard, left canard, right elevon, left elevon, right rudder and left rudder, respectively. Note that each control surface force is independent of the others' deflections. Shock/expansion theories can be used to help finding the structure of the regression model of each force. Similarly, the moment resulting from the aerodynamic control surfaces can be expressed as
where T rg (r g ) ∈ R 3×14 depends on the geometry of the vehicle and the matrix
is a function of the deflection of the control surfaces. It can be shown that T δ,M (δ) has the following structure: 
Having thrust as a single-point force, its moment can be derived analytically from the thrust curve fit.
where r p is the vector connecting vehicle's center of mass to the acting point of propulsive force and F prop is the propulsive force which in body frame can be presented as
In conclusion, instead of deriving the curve fit model of aerodynamic forces, the moments and thrust, the problem has been divided into approximation of aerody-namic forces on control surfaces, fuselage and thrust along with fuselage moments. This has the the benefit of allowing different choices of approximation methods for different forces and drastic saving in data generation.
III. Curve Fit Modeling
As it has been mentioned in the previous section, unlike the previous works, the forces on the aircraft have been divided into their components, namely, aerodynamic forces on fuselage, thrust, and aerodynamic forces on six control surfaces (which are independent of other ones). Considering the control surfaces' force and thrust as single-point forces, the only moment needs to be curve fitted is the fuselage moment.
The advantages of using this method comparing to previous ones are:
i. The number of affecting variables on each force is less, making the curve fit process less time-consuming.
ii. Since the forces are considered separately, it makes possible to analyze them to obtain more information to be used for curve fitting.
iii. This method makes it possible to use different techniques for different forces based on their behavior and characteristics and make most advantage of different techniques.
The common rules of this step is to find the simplest regression function and if the nonlinearity of the function is more than to be captured by a simple regression function, try to find a regression function with simple terms of the controllers. Note that this depends on characteristics of the function and in some cases either simplicity or accuracy should be sacrificed.
The curve fitting procedure is as follows:
• Finding affecting variables. Physics of the system and sensitivity analysis can be helpful for this step.
• Finding a method for curve fitting with simple regression function. This step is the most time consuming part of the process, and tradeoff between simplicity and accuracy is the main issue. Theory of gas dynamics gives a good impression for choosing the regression functions.
• Evaluation of the regression functions
A. Control Surfaces
The control surfaces have been considered as trapezoidal surfaces. Note that in calculation of the aerodynamic forces of the control surfaces, the shadowing effect of the fuselage and other control surfaces has been neglected in FPM. 28 The aerodynamic force on each surface has been calculated using two-dimensional shock/expansion theory on two sides of the surface. Based on oblique shock theory, in a given Mach number, M us , with pressure of P us , the pressure on a panel (P ds ) with corner angle of θ os and oblique shock angle β os , can be calculated as follows:
Where γ r is the ratio of specific heat and M n,us (= M us sin β os ) is the normal term of the upstream Mach number. The oblique shock angle β os can be calculated from the following:
The above nonlinear equation describes the effects on the aerodynamic forces for each panel of the aircraft due to oblique shock theory. Note that Eq. 9 is reverse function of β os and the straight function is not mentioned due to its complexity. However it can be found in textbooks on compressible flow, such as Ref. 34 .
Based on the Eqs. 8 and 9, the pressure due to oblique shock on the panel, is a function of upstream Mach number, upstream pressure and the corner angle. Similarly, the pressure on a panel under expansion fan can be calculated as follows:
Where the downstream Mach number, M ds , can be derived from
where θ ef is the expansion angle and ν P M is called the Prandtl-Meyer function and is defined for a Mach number M , as follows:
The pressure due to expansion fan theory is a function of upstream Mach number, M us , upstream pressure, P us , and the expansion angle, θ ef . As it can be seen from above equations, the analytical derivation of the aerodynamic forces looks almost impossible; however the above equations can give us information for curve fit modeling, which will be discussed in the following.
Note that, the forces acting on each control surfaces is calculated using the oblique shock and expansion fan theories on two sides of the panel. As a result, their net force is a function of upstream Mach number (M ∞ ), upstream pressure (which is a function of altitude (h)), and angle of control surface with the flow (θ CS ), which is a function of angle of attack (α), side slip angle (β) and deflection angle of the control surface (δ CS ), along with some constant parameters.
The angle of the CS and the flow can be written as:
wheren is the surface's normal vector and V 0 is the air flow direction; both expressed in body frame. V 0 can be written as follows:
For elevon, the normal vector can be written as
So the flow angle will be as follows:
− arccos(cos β cos α sin δ e + cos β sin α cos δ e ) (16) Figure 5 shows the change in θ e based on β for different amount of δ e . As it can be seen from the figure, β doesn't have a significant effect on θ e , so the cos β can be approximated by 1. Having cos β = 1, θ e will be as follows: The same result can be derived for canard's angle with the flow:
Rudder's flow angle, however, is more complicated, due to its inclined angle(τ r ). The right rudder's normal vector can be written in spherical frame as:
So the right rudder's angle with the flow will be:
− arccos(cos β cos α sin δ RR − sin β cos δ RR cos τ r + cos β sin α cos δ RR sin τ r )(20) Figure 6 and 7 shows the changes in θ RR based on α and β for different values of δ RR . As it can be seen from the Figures 6 and 7 , the effect of β and α on θ RR can not be neglected. θ RL can be found replacing δ RR with −δ RL in the formulas. The angle of control surfaces, θ CS , is calculated and for positive angles the oblique shock theory and for negative angles expansion fan theory would be used to derive the pressure on the panel. Note that in a specific Mach no. and altitude the normal force on rudder is constant for different combination of α, β and δ RR resulting in the same θ RR . However in the body frame, the resulting force depends on angle of rudder.
Based on the discussion, the aerodynamic forces on control surfaces has been curve fitted using least squared method based on free stream Mach no. (M ∞ ), altitude (h) and the angle of the control surface with the flow (θ CS ).
Note that comparing to the previous approaches, we have the advantages of the forces being function of less variables, resulting in decrease of amount of time and effort for the LS curve fitting.
In order to improve the numerical conditioning of the procedure, the variables have been scaled before curve fitting. For each variable, the range and scaling factor are reported in table 2. The resulting regression function and its coefficients for the force generated by the elevon and canard are shown in table 3 and 4 respectively. Figs. 8 and 9 show the results of the LS curve-fitting with these regression functions. 
B. Kriging
Kriging is an approximation method based on random effect modeling that belongs to the family of linear least square estimation algorithms and is widely used for surrogate modeling. 33, 35 Kriging is based on stochastic modeling and estimation of a group of randomly sampled data, resulting in the estimation of a function f with a model comprised of a regression and a correlation term. This method is drastically less time-consuming comparing to classic least squares due to the smaller number of sampling points needed for stochastic modeling, and generally results in more accurate approximation of highly nonlinear functions. The goal is to estimate the value of an unknown real-valued function, f at some point x, given the value of the function at 
The Kriging algorithm operates in two levels, namely first deriving a stochastic model of the function and finding a linear (with respect to design set outputs) predictor using minimization of a mean-squared error criterion. Eq. (22) shows a general form of Kriging estimator for exponential correlation function, where q k , m k and n k are the number of regression terms, number of sampling points and number of input variables.
The coefficientsβ andγ are the regression and correlation coefficients, respectively, whereas s, x andθ are the sampling point, an untried point and the correlation parameter in Kriging. The parametersθ are stochastic weighting factors of different inputs (θ ∈ R n k ), which should be determined beforehand or by an adaptive algorithm, which converges to its final value during running Kriging modeling. The role of the regressor is to find a rough estimate of the function which would be refrained by the correlation function. Note that the correlation part of the fit has exponential terms and contains as many terms as the sampling points resulting in a large approximation model making it not suitable to use for control surfaces curve fit. The accuracy of the fit would be largely dependent on the number of sampling points and the distribution of them. In this paper, the Latin Hyper Cube (LHC) approach has been used to generate random distributed sampling points.
As mentioned before, the typical use of Kriging is finding a surrogate model of a high-fidelity time-consuming models, making the running timing of Kriging as its important criteria. However here we use Kriging to derive a control design model; hence the dimension of the final predictor would be of importance as well. In order to simplify and make more suitable (but less accurate) curve fit, the regression part of the final estimator (R-Kriging) has been studied and compared to Kriging estimator. Since Kriging is based on random effect modeling, the Kriging regression function will, in general, yield a more accurate model than the one resulting from purely least-square methods.
C. Fuselage Forces
In terms of shock/expansion calculation in FPM, fuselage is the only distributed surface. The fuselage aerodynamic forces have been derived using or combining of two-dimensional shock/expansion theory and the Taylor-Maccoll equations. 28 Using hybrid method, the fuselage force depends on only five variables, making the curve fit process drastically simpler compared to the LS method. Note that since this force is independent of the control surfaces, a more complicated regression model would be acceptable, which would not be achieved by the previous methods. Table 6 shows variables affecting the fuselage force fit, their range and the scaling factors. Due to nonlinearity and complexity of the fuselage force, Kriging has been used for the curve fit approximation. Fig. 11 and 12 shows the result of Kriging with 100 sampling points, exponential correlation using the DACE-Kriging toolbox.
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The most important drawback of using Kriging as curve fit modeling is the corre- lation terms in final model with as many terms as the sampling points. However as it has mentioned before, the correlation term corresponds to adjustments of the rough estimation of the regression approximation. In this work, R-Kriging, which uses the same stochastic modeling of Kriging, with modification in estimator has been used to overcome Kriging's drawback (Eq. 23). The correlation term has been dropped in the final estimator form of R-Kriging to have a simpler final curve fit. Accuracy of the curve fit is the trade off to be paid. Note that the number of sampling points, regression functions can change the loss of accuracy of R-Kriging compared to Kriging.
Fig . 13 shows the results of R-Kriging for the fuselage forces. As it can be seen in Fig. 13 , R-Kriging can be used for the fuselage forces without drastic loss of accuracy. Figure 11 . Kriging-based curve fit of the aerodynamic force generated by the fuselage, as a function of altitude and Mach number 
D. Fuselage Moment
The moment on the aircraft from the aerodynamic forces on fuselage, or fuselage moment, is the only moment that needs to be curve fitted. Similar to fuselage force, its moment has been approximated using Kriging with exponential correlation and 100 sampling points. Figures 14 and 15 show the result of the curve fit in α − M and β − M hypercubes.
E. MASIV surrogate modeling and thrust curve fit
The Kriging method has been applied for MASIV in two levels; first, to find the surrogate model of the outputs of MASIV for the simulation purposes in control evaluation level and second, to find the curve fit of thrust in control design level. Note that the speed of simulation is the main issue for the first one and simplicity of the approximation model is the goal of the second curve fit approximation. Table 7 shows the affecting variables, the scaling factors and their interval.
Among the outputs of the MASIV simulation code are the pressure, temperature and speed of the flow at the end of the engine. Kriging with 200 sampling points has been applied to MASIV in order to generate a surrogate model of these variables in response to changes in the state and control parameters. Figure 16 and 17 show respectively the results of the speed and pressure of the engine alongside their surrogate model. Table 8 shows the speed of MASIV and its Kriging surrogate models. Note that the accuracy of the model is proportional to the number of sampling points.
Due to nonlinearity of thrust, Kriging has been preferred to LS for the curve fit approximation of thrust, whereas LS and R-Kriging did not result in a satisfactory approximation. Since Kriging does result in a more complex model for control design than one would hope for, this issue warrants more investigation. Finally, Figure 18 shows an example of Kriging-based curve fit of thrust compared to the result of the MASIV code.
IV. Concluding Remarks
A control design model of a 6-DOF rigid-body dynamics of a hypersonic vehicle has been developed and evaluated based on a higher fidelity control simulation model. 29 Kriging and least-square methods have been used to find suitable curve fit approximations of forces and moments. The methodology will be further expanded to encompass models with flexibility and aero-thermal effects. 
